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Preface

This is a note for the lecture given in the 2016 KIAS-SNU Physics Winter Camp which is
held at KIAS in December 17-23, 2016.

Most systems in nature are in a nonequilibrium state. In contrast to the thermal equilib-
rium systems, dynamics is important for nonequilibrium systems. The lecture covers the
Langevin equation and the Fokker-Planck equation formalism for the study of dynam-
ics of both equilibrium and nonequilibrium systems. It also covers the basic concepts of
stochastic thermodynamics and the fluctuation theorems. This lecture is mainly based on
the books [Garl0, Ris89, VK11].
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Brownian motion

Brown in 1827 observed small pollen grains suspended in water at finite temperature T
through a microscope. He observed an irregular motion of the small particles, which is
later called the Brownian motion.

1.1 Einstein’s theory

Einstein in 1905 explain the nature of the Brownian motion by assuming the stochastic
nature of interactions between Brownian particles and fluid molecules. Let f(x,t)dx be
the fraction of Brownian particles between x and x + dx at time ¢. If a Brownian particle
is kicked by fluid molecules during the time interval T, it is displaced by the amount of
A. It is reasonable to assume that A is a random variable with a distribution function



1 Brownian motion
$(A) = ¢p(—A). Then, one obtains that

ot = [ flx-anpa)da
Expansion upto O(A?) leads to the diffusion equation
of . 9f
ot~ Diax
with the diffusion constant D; = 5= [ A%p(A)dA. Its solution is given by

Flx,8) = —— e~ x0/ (4at)

\/47'[Ddt ’

The root mean square displacement is then scales as

\/ ((x = x0)2) = /2Dyt o t1/2,

The t'/2 dependence is the hallmark of the diffusive motion.

1.2 Langevin's theory

(1.1)

(1.2)

(1.3)

(1.4)

Langevin in 1906 suggested another explanation for the Brownian motion. He incorpo-
rated the effects of the random interaction into the Newton’s equation of motion, and



1 Brownian motion

proposed the following equation:

d2x dx
mﬁ = —WE + X(t). (1.5)

This is the first appearance of the stochastic differential equation. In a rather crude way,
Langevin derived the same relation in (1.4). He also derived the relation
_ kgT

L.
y (1.6)

Dy

known as the Einstein relation.

1.3 Perrin’s experiment

Perrin in 1908 recorded the trajectory of a colloidal particle of radius 0.53um every 30
seconds, and confirmed the diffusive motion of the Brownian particle experimentally. He
was awarded the Nobel Prize in Physics in 1926.



1 Brownian motion

Figure 1.1: Perrin’s experiment



Langevin equation

We are interested in a particle (or system of particles) in a thermal heat bath at temperature
T. The thermal heat bath itself is a collection of many molecules and interact with the
system in a complex way. At the phenomenological level, it is reasonable to assume that
the heat bath provides a damping force on average and a fluctuating random force. The
resulting Langevin equation is given by

dx dv
v=p o Mo = flx, £) —yv+E(t), (2.1)
where (t) is the Gaussian distributed white noise satisfying
€1y =0, (EBS(t)) =2Ds(t—t). (22)

More rigorous derivation of the Langevin equation is found in the lecture of Prof. Yeo
given in PSI 2014 (http:/ /psi.kias.re.kr/2014/).



2 Langevin equation

2.1 Brownian motion
The Langevin equation for a free Brownian particle is given by
mo = —yv + &(t) with the initial condition v(0) = vy. (2.3)
It has the formal solution
o(t) = vge~ 7/t m/ —(r/m =)z () dy (2.4)

Using the formal solution, we can calculate the average value of various quantities. The
average velocity decays exponentially as (v(t)) = vge~(7/™!. The two-time correlation
function is given by

((08) — (ol o) — () = 2o (e tmle—rl _o-lamis) (2

ym
The equal-time correlation function in the infinite time limit converges to
D
(v?) = —. (2.6)
ym

The kinetic energy of a free particle in termal equilibrium is given by E = % (v?),; = 3kpT.
By imposing the Einstein relation
D = qksT 2.7)

the Langevin equation describes the equilibrium dynamics.



2 Langevin equation

2.2 Ornstein-Uhlenbeck process

Consider a harmonic oscillator in a heat bath at temperature T, whose Langevin equation
is given by

x=v , mv=—kx—yv+&(t). (2.8)
When the damping coefficient is very large or the mass is very small, the system is in the
overdamped regime. The Langevin equation then becomes

yx = —kx+&(t) . (2.9)

A stochastic process governed by the linear Langevin equation is called the OU process.
In fact, the Brownian motion in the previous section is also an OU process for the velocity
v. Using the connection, one can easily evaluate <x2>gq.

The general form of the OU process is given by

Gi = Zﬂij%' + &i(t) (2.10)
]
where (&;(t)) = 0and (;(t)g;(t')) = 2D;;é(t — t') with the noise matrix D;; = Dj;.

2.3 Wiener process

The Wiener process, the simplest stochastic process, has the Langevin equation

W =#(t) with (5(t)) =0and (y(t)y(t)) =5(t—t) (2.11)



2 Langevin equation
The solution is given by
t
W(t) = Wy +/ n(t)dt'. (2.12)
0
One can show that
(W(t)) =Wy and ((W(t) —Wp)?) =t. (2.13)

The Wiener process describes the trajectory of a random walker.
Consider the displacement dW(t) = W(t +dt) — W(t) = fttﬂlt Z(#")dt’ during the in-
finitesimal time interval dt. It is Gaussian distributed random variable with

(dAW(t)) =0 and (dW(t)?) =dt. (2.14)

It indicates that AW = O(~/dt).

2.4 Integral form of the Langevin equation
The Langevin equation of the form § = f(q,t) + ¢(t) can be written as
dg = f(q,t)dt +dW(t) (2.15)

where dq = q(t +dt) — q(t).



2 Langevin equation

2.5 Numerical integration of the Langevin equation

The solution of the Langevin equation in (2.15) can be simulated numerically. For a
stochastic trajectory in the time interval [0 : ¢], first discretize the time as t;—... y = i(At)
with At = t/N. Then, q; = q(t;) are found from the recursion relation

div1 = 4i +f(ql', tl')Af + \/2D(At) ri, (2.16)
where r; is an independent random variable of zero mean ({r;) = 0) and unit vari-

ance (<riz> = 1). This method is called the Euler method. This is a straightforward ex-
tension of the Euler method for the ordinary differential equation. Advanced numerical
methods for the stochastic differential equation are found in Ref. [GSHS88].

[Exercise] Integrate numerically the Langevin equation in (2.8) withk =y =kpT =m =1
starting from the initial condition x(0) = v(0) = 0. Confirm the equipartition theorem

(x(00)?) = (v(0)?) = 1.



Fokker-Planck Equation

Figure 3.1 displays 6 different realizations of the Wiener process trajectory. Due to the
stochastic nature of the Langevin equation, W(f) is a random variable fluctuating from
sample to sample. Thus, it is meaningful to consider the probability distribution P(W(t) =
X|W(0) = 0). In this chapter, we study the Fokker-Planck equation that governs the time
evolution of the probability distribution function.

3.1 Markov process and Chapman-Kolmogorov equation

Consider a time-dependent random variable X (t) generated from a stochastic process. It is
fully characterized by the joint probability densities p(xy,t1; x2,t2; x3,t3; - - - ). It describes
how much probable it is to measure the values x1,xp,x3,--- at time t; > tp > t3 > ---.
In terms of the joint probability densities, one can also define conditional probability

10



W(t)

3 Fokker-Planck Equation

Figure 3.1: Trajectories of the Wiener process.
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3 Fokker-Planck Equation

densities

p(x1,t; X0, b0+ 5 Y1, T Y2, Tos - -+ )
Py, T Y2, T2 )

where the times are ordered as t1 >t > - > 74 > T > - -.

A stochastic process is called the Markov process, named after a Russian mathematician
Andrey Markov (1956-1922), if the conditional probability is determined entirely by the
knowledge of the most recent condition, i.e.,

px1, b 00, b0 [y, Ty, s -+ ) = , (3.1)

p(x1,ti;x0,t0; - [y1, T Y2, Tos - -+ ) = p(xn, b X, b0 -+ |y, 1) (3.2)

In the Markov process, the future is determined by the present not by the past. A memory
effect destroys the Markov property.
In the Markov process, any joint probability can be factorized as

P12+~ in) = p(12)p(203) - - - p(n — 1[m)p(n). (33)

Therefore, the transition probability density p(x,t|y,t') fully characterizes a Markov pro-
cess. Once you know the transition probability densities and the initial probability density,
any joint probability density is determined.

The Markov property is a very strong condition. The transition probability for a Markov
process should satisfy the Chapmann-Kolmogorov equation

p(x1,ti]xs, t3) = /dX2 p(x1, t|xo, t2) p(x2, ta|xs, t3) - (34)

12



3 Fokker-Planck Equation

It is named after a British mathematician Sydney Chapman (1888-1970) and a Russian
mathematician Andrey Kolmogorov (1903-1987).

3.2 Fokker-Planck equation
A stochastic process governed by the Langevin equation
dx = A(x,t)dt + B dW(t) (3.5)

belongs to the class of Markov processes. For convenience, we assume that B does not
depend on x. The Langevin equation generates a stochastic time trajectory x(t). Let
f(x) be an arbitrary well-behaved function. Then, the infinitesimal difference df[x(t)] =

flx(t+dt)] — flx(t)] is given by

af[x(6)] = £ Ix(O)ax(t) + 3 f Te(Oldx( + -

(3.6)
= f'lx(t)] {Alx(t), t}dt + BAW(t)} + %f”[x(i‘)]B2 AW()? + - -
Taking the average, one obtains that
SN = (AL, A7 0] + 382701 67)

13



3 Fokker-Planck Equation

The averages are expressed in terms of the transition probability density p(x, t|xo, to) as
/dxf )orp(x, t|xo, to) /dx { t)f'(x) + bf”( )} p(x,t|xo,to)

(3.8)
—/dxf [ <(Ap) + BZ(BP)}.

Since this relation is valid for any function f(x), the transition probability should satisfy

d 0 02
at (x tle/tO —a[A(x,t)p(x,ﬂxO,to)] 28 3.2
This is called the Fokker-Planck equation, named after a Dutch physicist Adriaan Fokker (1887-
1972) and a German physicist Max Planck (1985-1947). The first and second terms are
called the drift and the diffusion terms, respectively. One can also derive the Fokker-Planck
equation from the Kramers-Moyal expansion, which is not covered in this lecture.

When the are many variables & = (x1, x, - - - ) coupled through the Langevin equation

[Bp(x, t|x0,t0)] - (3.9)

dx; = AZ‘(SC, t)dt + 2 BZ]dW](t), (310)
j
the Fokker-Planck equation for p(x, t|zo, to) = p(z, t) is given by

op = — Zai [Aip] + Zaiaj[Dijp] = Lppp (3.11)
1 L]

14



3 Fokker-Planck Equation

with the noise matrix Dj; = 5 ¥; BjyBjx or D = ;BB".
The Fokker-Planck equation can be written in the form of the continuity equation

Op +30ifi =0 (3.12)

with the probability current
Ji = Aip = ) 9j(Dyp) - (3.13)
i

The probability current consists of the drift current and the diffusion current.

3.2.1 Random walks

The motion of a random walker is described by dx = /2D dW with A = 0and B = +/2D.
The corresponding Fokker-Planck equation is then given by

dp _ p
o Doz

This is the diffusion equation Einstein obtained.

(3.14)

3.2.2 Brownian motion

The Langevin equation for the Brownian motion is given by mdv = —vyvdt + /2yTdW.
Comparing it with (3.5), one finds that A = —(y/m)v and B = /29T/m?. So, the

15



3 Fokker-Planck Equation

Fokker-Planck equation for P(v,t) becomes

2

0 70 4T 9
gp(v,t) =30 [vp(v, )] + W@P(Ui) : (3.15)

The time-dependent solution can be obtained by solving the partial differential equa-
tion using the Fourier transformation technique. Here, I only calculate the steady-state
distribution function pss(v) = lim; e p(v,t). The steady-state distribution should satisfy

yT

— Wp;s(v) = Jo( = constant) . (3.16)

i
Jss(v) = *%UPSS(U)
The steady-state current Jy should be 0. Otherwise, the probability would build up at
v = oo for positive Jy or v = —co for negative Jy. The current-free condition yields that
1 me?
Pss(v) = NeTsuh . (3.17)

This is the equilibrium Maxwell-Boltzmann distribution.

3.2.3 Three-Dimensional Brownian Motion in an External Force
(Kramers problem)

The Langevin equations are
dm) ( ’ ) ( 0 )
= dt + (3.18)
F 29T
(d’v —Ftm AW

16



3 Fokker-Planck Equation

The corresponding Fokker-Planck equation for p(:c, v, t) is
Y F T
op=|—Vg - v+Vy,- (mv - m) + WV%} p. (3.19)

In general, even the steady state distribution is hard to find.
The steay state can be found in the special case with the conservative force

F(z) = —V,V(x) (3.20)

with a scalor potential V(x). The steady state distribution is given by the equilibrium
Boltzmann distribution

pss(x,v) = %GXP {—; vaz + V(m))} : (3.21)

3.2.4 Biased diffusion in a ring

Consider a Langevin equation d = fy + v2T dW for an angle variable 0 < § < 27r. The
Fokker-Planck equation for p(6,t) is given by
dtp = —9eJp (3.22)

with the probability current Jy = (fo — Tdg)p (6, t). In the steady state, the current should
be a constant ]y independent of 0. Therefore, Tp.,(0) = fopss(0) — Jo, which has a general
solution pss(0) = c efo/T)? 1 3/ fy with a constant c¢. The conitinuity pss(0) = pss(277)
requires that ¢ = 0 and the normalization [ d0ps(6) = 1 yields that Jy = {—%

17



3 Fokker-Planck Equation

3.3 Path integral or Onsager-Machlup formalism

Consider the Langevin equation dx = A(x)dt + B dW for a single variable x. Gener-
alization to multivariate problems is straightforward. We want to calculate the transi-
tion probability for an infinitesimal time interval, p(x’,t + dt|x,t). A particle can move
from x to x’ = x4 (1’ — x) only when the Langevin noise takes the right value dW =
(x" — x — A(x)dt) /B. Recalling that dW is Gaussian distributed with mean zero and vari-

ance dt, we obtain that
1 [x' — x — A(x)dt)?
—— - . 2
ae? (i 629
The transition probability over a finite time interval p(x,t|xo, fo) is obtained by using

the Markov property. We divide the time interval [0 : f] into N sub-intervals of duration
T = t/N. Then, the transition probability is written as

N-1 N-1
p(x,t\xo,O) = [H /dxi] [H p(xi+1,ti+1|xi, ti)] . (324)
i=1 i=0

In the N — oo limit, it becomes

_ 1 = i1 — xi — A(xy)T)?
p(x, t|xo,0) m [H/ /727'[32 ‘| ( l; 2B2t (3.25)
:/[Dx(s)}e*fds[xs ~A(x(s)1*/ (2B?)

p(x/, t+dt|x,t) =

18



3 Fokker-Planck Equation

The multivariate system with dx; = A;dt + B;;dW; has the transition probability

p(x, t|ao,0) = / [Dz(s)] e*%fo[ds[fb(s)*A(iﬂ(s))][Dijl[¢(5)*A($(5))]j

3.26
_/ [Dz(s)] e A=) (3.26)

with the action functional A[z(s)] and D;; = %Zk BixBi.
The Onsager-Machlup [OM53] formalism allows us to write down the formal expression
for the conditional path probability density

I1 [[s]|xg) o e~ A[®()] (3.27)

3.4 Detailed balance and the Fluctuation Dissipation
Theorem

A Fokker-Planck system with the steady state solution pss(x) = e~®M) s said to satisfy
the detailed balance if

p(x', ' |x, 1) pss(x) = p(ex, tlex, t") pss(ex’) (3.28)

with the parity operator e.
Please refer to the lecture note of Prof. Yeo of PSI 2014.

19



Stochastic Thermodynamics

We have studied the Langevin equation
and the Forkker-Planck equation formal-
ism for general stochastic systems. We
are ready to study thermodynamics of
such systems at the level of microscopic
stochastic paths. We will learn how to
define thermodynamic quantities such as
heat, work, and entropy, and investigate
some symmetry properties of thermody-
namic systems. References for this chapter
are Refs. [Sek10, Sei05, Kwol5].

20
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Figure 4.1: Thermal system



4 Stochastic Thermodynamics

4.1 Stochastic engetics

4.1.1 Underdamped Langevin system

Consider a particle (or a system of particles) in thermal contact with a heat bath of tem-
perature T. The Langevin equation is given by

x = vdt @1
mdv = fo(x)dt + foc(x)dt — yodt + /29yTdW(t) , '
where f.(x) = —Eng—gcx) is the conservative force, and f,. is a time-independent non-
conservative force. The internal energy of the system is defined as
E:lm#+V@y (4.2)

2

It is a fluctuating variable since v is a stochastic variable. For the change of the kinetic
energy during the infinitesimal time step dt, we need to calculate

v+ (v+do)
2

Note that one should not neglect (dv)? because dv involves dW whose square is of the
order of dt. We can use the form of normal calculus by introducing the special multi-
plication scheme denoted as o. This is called the Stratonovich calculus: X(t) odY(t) =
X(t)+)2((t+dt)dY(t).

dv* = (v 4 dv)? — v* = 20dv + (dv)? =2 dv =2vodv 4.3)

21



4 Stochastic Thermodynamics

The energy change is then given by
dE =mvodv — fo(x)odx. (4.4)

Elliminating f. = mdv/dt — fuc + yvdt — \/29yTdW /dt using the Langevin equation, one
obtains

dE =mvodv—vo [mdv — fucdt — (—yvdt + WdW)}
= fucodx +vo (—yvdt 4+ \/29yTdW) (4.5)
=dW +dQ.

This is the first law of thermodynamics for the Langiven system with the work and the
heat

dW = fucodx
dQ=vo (—’yvdt + 29T dW) = Fgodx.

The expression for the heat looks quite intuitive. It is the “work" done by the force Fp
from the heat bath [Sek10].

(4.6)

4.1.2 Overdamped Langevin system
Langevin equation is given by

ydx = fodt + fucdt + \/2YTAW = fiordt + \/27TdW . (4.7)

22



4 Stochastic Thermodynamics

The first law of thermodynamics becomes as
av =dW +4dQ (4.8)

where

AW = fue 0 dx

dQ = Fgodx = —(fc + fuc) 0 dx . (49)

4.1.3 Overdamped Langevin system with time-dependent potential
Suppose that the potential energy includes a time dependence parameter
V=V(xAl) . (4.10)

The parameter is called the protocol. You may think of a harmonic oscillator with a time
dependent spring constant. The first law of thermodynamics becomes

dV = dW,, + dW) +dQ (4.11)
where SV dA
AWy = 3t (4.12)

is called the Jarzynski work.

23



4 Stochastic Thermodynamics

4.2 Nonequilibrium entropy

What is the entropy of the nonequilibrium system? We adopt the Shannon’s information
entropy [Sha48] as the thermodynamic entropy. It is defined as

(Ssys(t)) = = [ dxp(q, ) Inp(a,) @19
It is the ensemble averge of the instant entropy

Ssys(q(t)/t) = —Inp(q(t),t) (4.14)

of a system being at g(t) at time .
When a system evolve in time following a stochastic path [q(s)] for t; < s < ty, the
system entropy changes as

p(q(ts) tr)
AS =—In————=. 415
el = I, ) @19
The entropy change of the heat bath is given by the Clausius form
—A
ASglq] = TQ . (4.16)

The total entropy change is then given by AS;,: = ASsys + ASp. Does it satisfy the second
law of thermodynamics?

24



4 Stochastic Thermodynamics

4.3 Time-irreversibility

We will show that the entropy is directed related to the time-irreversibility. Specifically, I
explain the concept in the context of the overdamped system with the Langevin equation
in (4.7). Using the Onsager-Machlup formalism, we can write down the formal expression
for the probability density that the system would follow a path [x(s)] connecting x at time
tto x’ = x + dx at time t + dt. It is given by

;o 2
Prob[x(s)] = p;(x)I1[x(s)|x;] e p(x,t) exp [—Zth { (x T x) - fmfy(x) } ] , (4.17)

where f(x) = fo(x) + fuc(x) is the total force.
Imagine the time-reversed path [xR(s)] connecting x’ at time ¢ to x at time ¢ + dt. The
probability density of the reverse path is given by

Prob[xR(s)] « p(x/, t 4 dt) exp l vt { (=) _ frorle) }Z] . (4.18)

4T dt 0%

The irreversibility is measured with the log ratio of the path probability densities:

Probl] _ p(ot) [ %) ny_ F2 = F)?
Prob[xK] =1 p(x’, t + dt) + [2 dt (f(x) +£(x)) v ] (4.19)
= dssys + f de = dssys + iTQ = dssys + dSB

25



4 Stochastic Thermodynamics

Figure 4.2: Forward and reverse paths
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4 Stochastic Thermodynamics

That is to say, the total entropy change is the same as the irreversibility. Note that we have
degrees of freedom in choosing the initial and final probability distributions.

4.4 Fluctuation theorem for the entropy production

It is straightforward to show that

() = / dSP(S)eS =1 (4.20)

for any Langevin system. This is called the integral fluctuation theorem (IFT). Applying
the Jensen’s inequality (e™*) > e_<x>, one can derive the second law of thermodynamics

(AS) > 0. (4.21)

When the system is in the steady state, we have more powerful fluctuation theorem for
the probability distribution P(S).
P(S) _ s
P(-S) ‘
This is called the detailed fluctuation theorem (DFT). The DFT holds only when the system
satisfies the involution property.

4.22)

27



4 Stochastic Thermodynamics

4.5 FT for the work

Consider a system with a time-dependent potential energy V(x, A(t)). If it is in the ther-
mal equilibrium state initially, then we have the IFT

(e W/Ty = ¢ AH/T (4.23)
This is called the Jarzynski equality [Jar97]. We also have the DFT

Pr(W)  _aw—r/T)
Pl = . (4.24)

which is called the Crooks fluctuation theorem [Cro99].

4.6 More

Maxwell’s demon, heat engine, ...

28



Summary

e Langevin equation : stochastic processes, stochastic differential equation, numerical
integration

o Fokker-Planck equation : Markov process, Chapmann-Kolmogorov equation, Ito and
Stratonovich, Onsager-Machlup path integral formalism

e Stochastic thermodynamics : stochastic energetics, irreversibility, entropy produc-
tion, fluctuation theorem, ...
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5 Summary

[Project] The motion of a rotary motor is described by the overdamped Langevin equation

o dv(e)
= gg Tl

where 0 < 0 < 27t is the angular position of the motor, V() = cosf is the periodic
potential, and fj is the constant applied torque.

(1) Write down the corresponding Fokker-Planck equation for the probability distribution
function P(6,t) and solve it to find the stationary state distribution Pys(6). Compare it
with the equilibrium Boltzmann distribution.

(2) Find the average angular velocity Q = lim;_,e 1 ((6(t) —0(0))) as a function of the
applied torque fy.

(3) Prepare your system in the equilibrium state with fy and then turn on the torque at
time t = 0. Solve the Langevin equation numerically upto time { = 7 and measure the
work done by the external torque

W(t) = /0 " ROt

By performing the numerical simulations many times, you can construct the probabil-
ity distribution function for the work P(W). Test the integral and detailed fluctuation
theorems by computing (¢=") and P(W)/P(—W).

30



[Cro99]

[Gar10]

[GSHS8]

[Jar97]

[Kwo15]

[OM53]

[Ris89]

[Sei05]

Bibliography

GE Crooks. Entropy production fluctuation theorem and the nonequilibrium
work relation for free energy differences. Phys. Rev. E, 60(3):2721, 1999.

Crispin Gardiner. Stochastic Methods. A Handbook for the Natural and Social
Sciences. Springer, New York, fourth edition, 2010.

A Greiner, W Strittmatter, and ] Honerkamp. Numerical integration of stochastic
differential equations. J. Stat. Phys., 51(1-2):95-108, April 1988.

C Jarzynski. Nonequilibrium equality for free energy differences. Phys. Rev. Lett.,
78(14):2690-2693, 1997.

Chulan Kwon. Path-dependent entropy production. . Korean Phys. Soc.,
67(5):785-791, September 2015.

L Onsager and S Machlup. Fluctuations and irreversible processes. Phys. Rev.,
91(6):1505-1512, 1953.

Hannes Risken. The Fokker-Planck Equation. Methods of Solution and Applica-
tions. Springer-Verlag, Berlin, 1989.

Udo Seifert. Entropy Production along a Stochastic Trajectory and an Integral
Fluctuation Theorem. Phys. Rev. Lett., 95(4):040602, July 2005.

31



Bibliography
[Sek10] Ken Sekimoto. Stochastic energetics, volume 799 of Lecture Notes in Physics, Berlin
Springer Verlag. 2010.

[Sha48] C E Shannon. A Mathematical Theory of Communication. The Bell System Tech-
nical Journal, XXXI1(4):378-423, July 1948.

[VK11] N G Van Kampen. Stochastic Processes in Physics and Chemistry. Elsevier, August
2011.

32



